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Given two manifolds .# and .4/, & embedded in RY. For 1< p<oo we
consider the Sobolev space with pointwise constraint

WYP(tt, /) = (ue WHP(tt,RY), u(x)e.N for ae xe.u).

A typical example to keep in mind is % = B3, .4 =S? so that

Wl'p([HS3,§2) ={u=(u1,up,u3)€ Wl'p([HS3,[R3), lu(x)l =1 for a.e x =€ B3).
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This spaces are the natural settings for models in calculus of variation:

@ In a liquid crystal, molecules are free to move but oriented locally at
point x of the container Q cR3 in a common direction given by a
unit vector u(x), yielding a map u:Q — 2. In the Oseen-Frank
model stable configuration minimize or are critical points of E,
which in its simplest form reduces

E(u)= %fgwuﬁ. (1)

The natural set for E is W1'2(Q,§2), the constraint |u| =1 inducing
a nonlinear term in the Euler-Lagrange equation for E, the equation
for harmonic maps into the sphere, which writes —Au = ulVul2.

@ More generally, Harmonic maps are critical points of the Dirichlet
energy in WL2(#(,.#) and are a natural extension of the notion of
harmonic functions.
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Since weak topology and weak convergence is of special importance for
calculus of variation this notion will also be one of our main focus.
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Topology and Sobolev spaces

In our discussion we will often face the following facts :

@ Topology deals usely with continous maps

@ Calculus of variations favors Sobolev spaces.
For Instance, it is not obvious to minimize energies in homotopy classes.

We next review some elementary facts in Topology, starting with
homotopy classes.
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Homotopy classes

We consider here only continuous maps, i. e. maps in CO(.%,./).
Recall that two maps f and g are said to be in the same homotopy class
in there exist a map F e C®([0,1] x .4, /) called a deformation of f to
g such that
F(0,x) =f(x) for xe.«
{ F(1,x)=g(x) for xe .«

yielding an equivalence relation in CO(.#,.#"). The corresponding
equivalent classes are called homotopy classes.
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Homotopy groups

In the case the domain .# in a sphere S the homotopy classes of
CO(s™,.4) form a group called the m- homotopy group of .# and
denoted 7, (A).

A group action can be defined using gluing.
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Homotopy classes with boundary

Instead of the sphere S™ we may consider the ball B™, but prescribing
the valued of the map to be fixed boundary on the boundary. Let S be an
arbitrary point on A/, assumed to be connected. We consider the set

CO®™, N)=1tue COB™,.N),u(x) =S on OB™).

On Cg([ﬁs’",ﬂ) we may define as abovehomotopy classes: it suffices to
impose additional conditions on the deformation F that

F(0,x) =f(x) for xeB™
F(1,x)=g(x) for xe B™
F(x,t)=S for any t€[0,1] and x € 0B™}.
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correspondance with maps on $”

Any map ue CS([EB’",,/V) yields a map Ue CO(S™,.4) setting

U(x1, o Xmy Xm+1) = U(X1, .o, Xm) if Xme1 =0
= S otherwise

The obtained homotopy classes in CJ(B™,.4") are then in one to one
correspondance with that of CO(S™,.4).
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In some places, we will consider the set

COR™, N) = {ue CO(B™,N),lu(x)| —S as +oo}.

which is handled as CSO([EB’",JV)) so that we may define likewise
homotopy classes.

We next give three important examples of homotopy classes, actually
homotopy groups.
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A first example: degree theory for maps from the circle to

itself

Consider continuous maps from the circle S' to S' i.e. the set
CO(st,st). For a map ue CO(S1,S1), we may write

u(expif) =expie, for 6 €[0,27n],
where ¢ € C9([0,27],R) denotes the lifting of u, with
¢@(2m) —p(0) =2knw where keZ

The number k counts the number of windings around the circle. It is a
topological invariant i.e. it is the same in each homotopy class called the
degree of the map u.
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For instance the degree of the identity map z—z is 1
The degree of the map u given by z— u(z) = 2% is 2, since

u(expif) =exp2i6,

u@rz 2
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One may prove that two maps with the same degree are in the same
homotopy class so that all homotopy classes are labelled by an integer,
the degree. Hence, one has

n(st)=z.
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Integral representation of the degree

Since ¢(27) —@(0) =2k, one may write (x standing for the cross
product in R3)
1 (27 d
“onlo do?
On the other hand, one has

d
a6 ?

(6)d6.

(0) = u(expif) x dieu(expie)

so that we are led to the integral formula

k ! (u(s) x diu(s))ds.

T on s1 s

which is very useful in the Sobolev framework |
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The cross product
|0 x v|=|0d||V|sin®

uxv.lutxv.iv

‘r
=Y e

ARV

lo

¢
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A remark on lifting of S! valued maps

As a side problem, we may ask, given a continuous map u: i — St if
there exists a map ¢ : .4 — R such that

u(x)=exp(ip(x)),¥xe N, (Lifting)

The so-called lifting problem for S' valued maps. We have

Assume that 71(./) = {0}. Given any ue CO(,S!), there exists a map
@€ CO(,R) such that the lifting property (Lifting) holds.

We given a short sketch of the proof, since it is rather simple.
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Sketch of the proof

We introduce the one form a = ux du=) ux0d;udxy so that
da=) (djuxdju)dx; Adx;=0.

If .4 is simply connected, that it follows from Poincaré's Lemma that
there exists a map ¢ such that

a=do

We verify that ¢ has the desired property.
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Degree theory for maps from $? to S?

A degree theory can be developed for $2 valued maps in the same spirit
as for S valued maps. It yields a topological invariant which classifies
homotopy class of maps from S? to $2. For a smooth u:S$? — S2, it is
given by the integral formula

o )=
degu—Lzu (w,)= ) LZ det(Vu)dx

1

= @ fgz U.Uy; X Uy, dx3dxo

where w_; stands for a standard volume form on $? and u* stands for
pullback.
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Notice that the degree of the identity map of S2 is 1. The area formula
yields a more geometrical interpretation, namely

degu= )  sign(det(Vu)),

aeu*l(zo)

where zy € $2 is any regular point, so that u=1(zg) is a finite set.

The intuitive meaning is the number of times the map wraps the sphere.
Example The map u given by

u(rexpif,x3) = u(rexpi2,x3), 0<sr<1,0=0<1,r’+x3 =1,

has degree +2.
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S?-valued maps with prescribed boundary

We describe an example of a degree one map with prescribed boundary.
et S=(0,0-1) be the South pole of S? and consider the set

Ccd(0?,5?) = (ue C°(D?,52),u=S on AD?.

Homotopy classes in CS(ID2,§2) are labelled as before by the degree.
Here is an example:

Let
{X(XLX2)=(X1f(r),><2f(r),g(r)) with

r= \/x12+x22, rPr2(r+g%(r) =1,

with f and g smooth such that

f(0)=1(1)=0, 0=<rf(r)<1 for any r€[0,1]
—~1<g=<1 and g decreases from g(0)=1 to g(1)=-1.
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Then

degy=1,

whereas the constant map v =S has degree zero.
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The Hopf invariant

This is a more sophisticated invariant.

It deals with continuous maps from $3 to $2, or R3 to $2, so that the
counter-image of a regular point zy on the sphere $2 no longer is a point
but instead a curve.

As for the degree, this invariant completely classifies the homotopy
classes so that
n3(s%) =2

as in thecase of the degree .

There are several definition of the invariant. The hopf map we present
next is one way of understanding things.

Fabrice Bethuel Branched transportation and singularities of Sobolev maps betwe



The Hopf map

We describe briefly the projection map IT: S3 — $2 termed usually the
Hopf map.

The sphere S is very close to the group of rotations SO(3) of the three
dimensional space R3, $% may be in fact identified with its universal cover

Any rotation R in SO(3) then yields an element on S? considering the
image by R of an arbitrary fixed point of the sphere, for instance the
North pole Py = (0,0, 1)yielding a projection from SO(3) to s2
considering the correspondance R — R(P).

The construction of the projection IT from $3 onto $2 is readily in the
same spirit, but requires to introduce some preliminary objects.
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axis

A rotation is characted by its axis, a line where points are left invariant,
and an angle. The set of rotation living a point invariant is a circle.
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Identifying S3 with SU(2)

SU(2) denotes the group of two dimensional complex unitary matrices of
determinant one, i.e. SU(2) ={UeM>(C), UU* =1 and det(U) =1} or

su@E)=1[? 7P|, asec bec with a2+ bR =1} =3,
b 2a

The Lie algebra of SU(2) is the 3-dimensional space of traceless
anti-hermitian matrices

su(2) ={X € #r(C), X+ X* =0 and tr(X) =0}

A canonical basis orthonormal for the euclidean norm |X|? = det(X) is
provided by the Pauli matrices

(i 0 (01 (0
1= o i ]’92%| -1 0 )93%| i o/
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We identify the 2-sphere S2 with the unit sphere of su(2)

$? = {X e su(2), IX|> =det(X)=1}.

The Hopf map. The group SU(2) acts naturally on su(2) by
conjugation: if g€ SU(2), then

su(2) 3 X — Adg(X) = gXg L € su(2).

Definition

The map I1: SU(2) = S3 — S? c su(2) defined, for g € SU(2) by

M(g) = Adg(01) = go1g ™"

is called the Hopf map.
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Notice that I1(g) = o7 if and only if g is of the form

g =exp(o1t) ) with t € [0,27]

exp it 0
0 exp—it

If g and g’ are such that I1(g) =TI1(g’), then

g =gexpoyt for some te€ [0,27)].

Hence the fiber I171(z) is diffeomorphic to the circle ST for every z e $2.

SU(2) appears hence as a fiber bundle with base space S? and
fiber S1.

This bundle is not trivial since lds2 does not admit a continuous lifting
®:S2 — S3 such that ldg2 =TTo®. Indeed, ® is homotopic to a constant,
but not /dgp.
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Projecting maps onto S$?

For a map U:.#4 — S3, we may associate to this map the map
us M —S?
u=IIoU

The correspondan U— u is of course not one to one. Indeed, given any
scalar function ® : 4 — R, then we have

u=TloU=1Ilo(Uexp(c10(+))).

Conversely, given two maps U; and Uj such that u=T1oU; =10 U)
then there exists a map ©:.4 — R such that

Uz =Ujexp(010(+)).

The map O is referred to as the gauge freedom.
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Lifting maps to S? as maps to S3

Liftings correspond to "invert" I1: given u: .4 — S2, find U: .4 — S3 st
u=IIoU.

The map U is called a lifting of u. If a lifting exists due to gauges there
is no uniqueness.

Important property

If A is simply connected, the lifting problem has always a solution in the
continuous class, i.e. for any co ue CO(JZ,§2) there exists
Ue CO(,S3) such that

u=IIoU.

Example. For ./ = S3, the identity from $3 into itself is a lifting of the
Hopf map.
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ldentifying homotopy classes

Sonce the lifting property holds in the continuous class allows to provide
a one to one correspondance between homotopy classes in CO(./%,§3)
and CO(.#,S?).

Indeed, two maps w1 and us from .4 to S2 are homotopic if and only if
their respective liftings :coloturcU; and U, are in the same homotopy
class (hint: deform gauges).
Specifying this property to .# = S3, we obtain an identification of 73(S$?)
and 773(S?) so that
2\ _ 3y _
13(S%) =n3(S) = 2.
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The Hopf Invariant

Given continous u:S3 — S2 and a continuous lifting U: S° — S such
that
u=IIoU

the degree theory for S3 valued maps allows to classify also the
homotopy classes of maps from S3 to $2. We set

H(u) =deg(U).

This number, is called the Hopf invariant of v it classifies homotopy
classes in CO(S3,5?).

Example. Since I1=1Ioldgs, the Hopf invariant of the Hopf map IT is
H(I) =1.

The homotopy class [I1] is a generator of 73(S?).
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Integral formulation of the Hopf Invariant

As for the degree, there exists a integral formulation of the Hopf
invariant, which is however less direct.

1 .
H(U) = ]_6?\/;3 a N U*(LUSQ), with da = U*(w§2)’

a is not uniquely defined, we impose an additional gauge condition:
d*a =0, and hence a = d*®, (2)
for some two form ¢. Since A = dd™ +d*d, we have the identity
Ag3® = u*(w),

and hence @ is determined up to some additive constant form.
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This leads to the definition

H(u) = —

= 1672 5 d*q)/\ U*((U(FZ), with A§3® = U*((,U),
- JS 2

Notice now the order 4 dependance of this formula in terms of gradient.
Let us show next how this formula can be derived.
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On the proof on the integral formula

Let 4 be simply connected, U: .4 — SU(2) u=IloU. We construct a
1-form A with values into the Lie algebra su(2) setting

A=U"1qU.

Conversely, given any sufficiently smooth su(2) valued 1-form A on .4
also called a connection, one may find a map U:.# — SU(2) such that
A=U"tqU, iff .

dA+§[A,A] =0.

This is the zero curvature equation, a sort of nonlinear analog of
Poincarés’s Lemma.
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Decomposing A on the basis of su(2) as
A=A101+Ax02+ A3CT3,

we are led to
du=U[A, 01]U ! = A305 - Aro3

As and Az of A are completely determined by u, but notA; which is a
gauge freedom. Indeed, for any sufficiently smooth function ® : .# — R,
let Up(x) =exp(0©(x)o1)U(x), so that u=TToUg and

UgldUp = U 1dU + (d©)o; = A+ dOoy.
The values of Ay and As are left unchanged by the gauge transformation,
and A; is changed into A = A; +d®. Moreover

u*(w§2 )=AxAA3, U*(w§3) =A1 ANAx A A3z,
|dUI2 = |A1[? + 14212 + | A3]? and [dul? = (|A2]2 + |A3[?),

where w_, stays for the standard volume form on $2.
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The curvature equation yields
2dA1 = A A A3z = u*(a)§2 ),

so that dA; is determined u. Going back (3) we may write
U*(ng) =A1A u*(u)g2 ).

The integral formula for the degree of U yields in turn an integral
formula for the Hopf invariant

1 .
H(u) = ng3 anu*(w,), with da=u*(w,,),

where a corresponds to the one form a = 2A‘i).
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Linking numbers of curves and the Hopf Invariant

Another definition of the Hopf invariant is related to the notion of linking
number of curves.
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Definition and properties of the linking number

The linking number of two oriented curves €; and €5 in R3 is given by
the Gauss integral formula

aq-a — —
m(61,%62) = j{ f ! 23 dai x dao.
4 Je, Je, |a1 — asl

The linking number is always an integer, symmetric i.e.
m(€1,62) =m(62,61),

its sign changes when the orientation of one of the curves is reversed and
that m(%»,%€1) =0 if the two curves are not linked. In case of several
connected components, we have

m(€1,1 U612, 62) =m(61,1,62) + m(61,2,62).
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The linking number of two given curves can be computed as the half sum
of the signed crossing number of a projection on a two dimensional plane.

Fabrice Bethuel Branched transportation and singularities of Sobolev maps betwe



Given a smooth map u:R3 — S? in COS(IR3,§2) and a regular point M of
S?, then its preimage Ly = u~1(M) is a smooth bounded curve in $3.
The main property is that the linking number m(Lpy,, Lpg,) of the
preimages of any two regular points M; and M5 on S? is independent of
the choice of the two points andequal to the Hopf invariant, that is

m(Lyy, Ly, ) = H(w).
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The Pontryagin Construction

This construction yields explicit examples of maps with prescribed Hopf
number.

We start wit a framed closed line % in R3, i. e. which we are given a
orthonormal basis of its orthogonal plane

et (1) = (71() 72()-

This frame induces a natural orientation of the curve, choosing the vector
73(a) =71(a) x T2(a) as a unit tangent vector, so that any framed curve
is oriented.
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T

Our next task is to map a small annular region around the curve to the
sphere $2. To that aim, we present first an elementary ingredient which
is the construction of a map from a small disk onto the sphere $2.
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Mapping a tubular neighborhood of ¢ to S2

For a€ € let P+ =(R7,)- >D%(p), the disk centered at a of radius o > 0.
Set
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We consider the map

W, [€, et (x171(a) + x272(a)) = xp(x1,x2) for
x=a+x171(a) + x272(a) € D1 (p),

with o (x1,0) = x(o tx1,0 1 x0).

This defines a smooth map W,[€,¢t]: To(€) — S2. Since
W,[€,¢1] = Psouth on 9T,(€) we may extend this map to R3 setting

W, [€,et](x) = S for x € Qy(€) =R3\Ty(),

so that W,[€,¢'] is now a Lipschitz map from R3 to $2.
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Creating non trivial topology

However, for a planar curve, with 7o perpendicular the Hopf invariant of
W,[€,e*] is equal to zero.

. e -
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To proof the map has trivial homotopy class,one may consider the linking
number of preimages of any two regular points. We may consider as
regular points the North pole P and the point M on the equator given by
M =(1,0,0). We have

L(porn) = C whereas Ly =€ +g71(0)p8s,

where the function g is defined before. It follows that the two curves are
parallel and hence nit linked so that in particular

ul(L(Prmrlh), LM) - O

The conclusion follows
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Another proof of trivial homotopy class

We construct an explicit deformation with values into $2 of W,[€, ¢
a constant map.

ref] to

The main step is to show that there exists a continuous map ® from
the exterior domain R3\ € to S! such that

(x1,x2)
‘/X12+X22

Assume @ is given and define the deformation. We set, for t € [0,1]

O(a+x171(a) +x272(a)) = for a€ € and 0<x12+x22592.

Flx,t) = ((1-t)@f(@u—t))cp(x),g(@a—t))) for x € R3,
(% (% ©
where f and g have been defined for y and where v is defined as

{t(x) \/X12+X2 for any x = a+x171(a) + xoT2(a) with ae €, 0<X1+X2 0%,

t(x) = o otherwise.

Hence F(-,0) = H(Y,[€, erg]) and F(:,1) =Pporn, as desired.
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The existence of @ is easily seen in the axially symmetric case, using St
degree theory.

Otherwise, use Biot and Savart.
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There are two ways to create nontrivial Hopf invariants :
e Twisting the frame

@ Linking two curves
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Twisting the frame

Consider a map y: ¢ — SO(2) = S', and consider the twisted frame

L

=Y (o) = (r()(F1()). ¥ ()(72())),

e
where y(a) is considered as a rotation of the plane (7tan(a))*. Since €

is topologically equivalent to a circle, one may define a winding number
of y and prove, for instance using the crossing numbers, that

H (W, (6, €)= deg(y).
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On the following example, the Hopf invariant is equal to 1.

Notice that the blue and green lines are linked.

...or more generally the hopf invariant of ¥,[%,¢!] is equal to the
number d of twists.
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Non trivial topology through linking

Another way to create maps with non trivial topology is to consider two
linked planar curves, with non twisted frames

]

A L
\/

"

On the example the Hopf invariant of the map W¥,[%, ¢*] equals 2.
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The k-Spaghetton map

Suppose now that we consider sheafs of k2 curves which are linked as
below

the Hopf invariant of the map &, =V¥,[%¥, ¢t], called the k spaghetton,
equals now 2k%.
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